Improper Integrals

Last class we talked about bounded intervals of bounded functions. Now we
generalise to unbounded intervals. and unbounded functions.

1. Remark: [a, +00] = |J;-1[1, b].

2. Definition: Assume f is integrable. Then
f;oo f(z)dz = limy, 1 f; f(z)dx.

LHS only makes sense if RHS has a limit. In that case we say that [ f(z)dz
exists/converges.

2.1. Example: f(j‘x’ z%dz. For what o does our integral exist? If it
exists, what’s its value?
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2.2. Remark: z* — 0 when z — +oo. To make the improper exist
z% — 0 must be “fast” when z — +oo (e.g. faster than z'?)

2.3. Remark: Whether [ f(z)dz converges or not does not
depend on a.

3. Definition: Assume f is integrable over any [b, a|.
Suppose [ : [c,a] — R. We define

[ f(x)de = limy .+ [;" f(x)dz.

Again, LHS only makes sense if RHS has a limit. In that case we say that [ f(z)dz

exists/converges.

3.4. Example: | 01 z*dz. For what a does our integral exist? If it
exists, what’s its value?
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3.5. Remark: z!2 goes to +oco slower than z 2.

+00 sm:c dr.

4. Example: [

It’s hard to determine f b sing 2 dx with a closed form with b.



5. Criterion 1: If | f(z)| < g(x) for large z then fjoo g(x)dz
exists = [ f(z)dz exists.

Sketch of proof: We want to show that limy_, , o fab f(z) dz exists. By Cauchy’s
criterion this is equivalent to saying that Ve > 0, > 0 s.t. Vby,b2 > we have

\f z)dz| < e. Since | f(z)| < g(z ) we obtain

| f z)dz| < fbf |f(z)|dz < fb z) dz. Then since [, g(z) dz exists, we can
choose such that [+ g(z)dz < e.

Then for all b1,b, > we have fb z)dr <e — |f z) dz| < e. Thus, f+°°f
exists.

5.6. Remark: all you need is |f(z)| < g(z) for all z > for some
sufficiently large.

5.7. Example: f1+°° B2 gz,
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